arXiv:0805.4328v4 [hep-th] 



Constraint Dynamics and Gravitons in Three Dimensions 

Mu-In Park* 

Research Institute of Physics and Chemistry, 
Chonbuk National University, Chonju 561-756, Korea 

Abstract 

The complete non-linear three-dimensional Einstein gravity with gravitational Chern-Simons 
term and cosmological constant are studied in dreibein formulation. The constraints and their 
algebras are computed in an explicit form. From counting the number of first and second class 
constraints, the number of dynamical degrees of freedom, which equals to the number of prop- 
agating graviton modes, is found to be 1, regardless of the value of cosmological constant. I 
note also that the usual equivalence with Chern-Simons gauge theory does not work for general 
circumstances. 
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I. INTRODUCTION 



In three-dimensional spacetime, there is no propagating (i.e., dynamical) degrees of free- 
dom in the bulk with either Einstein-Hilbert action or gravitational Chern-Simons term 
(GCS) with coefficient However, it is known that the combined action with a vanishing 
cosmo logical constant, which is known as "topologically massive gravity" in the literatures, 
has a single propagating, massive, spin-2 mode Recently, there have been several works 
toward the generalization with a negative cosmological constant A = — I /I 2 @, 0|. (For 
some earlier related works, see Refs. HQ.) But the results do not seem to be in consensus 
completely. In Ref . 0] , the wave function for the gravitons and their corresponding energies 
are computed for the linearized excitations. And it is argued that the theory is unsta- 
ble/inconsistent for generic values of \i due to "negative" energies for the massive gravitons. 
However at the critical value \il — 1, the massive gravitons "disappear" due to vanishing 
energies. (See Ref. ^ for a supporting analysis.) In Ref. [H, the linearized excitations of 
the gravitons as well as the scalar and photons are studied in the "light-front" coordinates 
and it is argued that the massive graviton modes can not be gauged away at the critical 
value of /i. (See also Ref. 0] for a concurrent analysis.) Rather, at the critical value, 
it is found that the linearized topologically massive gravity is equivalent to "topologically 
massive electrodynamics" with a mass parameter /jl^/m — 2. And also, the computations 
show some splitting of the masses for the gauge invariant fields even though there is just 
one independent degrees of freedom. 

On the other hand, it is also known that the three-dimensional (anti-) de Sitter gravity 
with or without the GCS term can be written as a Chern-Simons gauge theory, which does 
not have the dynamical degrees of freedom in the bulk This seems to be obviously 
contradict to the existence of the gravitons in Refs. [1,0]. 

In this paper, I consider the constraint algebras in the fully non-linear theory in dreibein 
formulation. From counting the number of first and second class constraints, I found that 
the number of independent degrees of freedom, which equals to the number of propagating 
graviton modes, is 1, regardless of the values of cosmological constant. I do not see any 
evidence of the disappearing degrees of freedom at the critical value \il = 1 and this seems 
to support the argument of Ref. pj. But, I note that there is a puzzling feature in this 
result. I note also that the usual equivalence with Chern-Simons gauge theory does not work 
for general circumstances. 



II. HAMILTON! AN FORMULATION 



In this section, I consider the Hamiltonian formulation of the topologically massive gravity 
with a cosmological constant A = — l// 2 , in dreibein formulation [l], [j, 0, @, 0, 10, 11]. The 
action on a manifold Ai, omitting some possible boundary terms, is given by 

/ = - f 2e a A R a + ^e abc e a A e b A e c + -uo a A ( duo a + \e abc uo b A uo c \ + A a A T a 
167rG Jm I or \i V 3 J 
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in form notation with the dreibein and spin-connection 1-forms e a = e a ^dx^, oo a = ui^dx 11 , 
respectively 1 The first and the second terms are the conventional Einstein-Hilbert and the 
cosmological constant terms, respectively, with the curvature R a = dui a + (l/2)e a & c u; 6 A u c . 
The last term is introduced in order to consider the zero-torsion condition 



T a = de a + e abc uj b A e c 



(2) 



with an auxiliary field A a in which A" is dynamical because it multiplies a velocity e a i 2 13[ . I 
have chosen the sign in front of the Einstein-Hilbert part (with positive Newton's constant G) 
in agreement with the usual convention in anti- de Sitter space (I, 0, 0, 0, H, [h3, 11, 14, 15 
and all other gravity theories in higher dimensions [l6|, fl7| . but opposite to the original 
formulation without cosmological constant [l|, 0] and Ref . [3( . The reason for this choice is 
that its black hole solution in the \x —>■ oo limit, i.e., Einstein-Hilbert limit, can be sensible, 
i.e., having "positive" black hole mass, only with this sign choice 3 
The first-order formulation of the action ([!]) is given by 



M 



d 3 x[7i m e ai + Il ai u ai + P m X ai - e a H a - u«K, a - \ a T a - d a l 



(3) 



with the conjugate momenta n a \ U a \ P a% for e ai , uj ai , X ai , respectively, and (e* J = e iJ /IQttG) 

7~t a = ■ 



ai 



X, 



1 



Raij ~\~ Taij 26 a fe c A,- 6 



aiji 



1 



e1u a o ufuao - 2A"e a0 



The Poisson brackets among the canonical variables are given by 

{et(x),4(y)} = {u,?(x),Ui(y)} = {Xf(x),Pi(y)} = 5^5(5 2 (x - y). 



(4) 



(5) 



1 The Greek letters (/u, v, ■ ■ •) denote the space-time indices and Latin ■ ■ •) denote the space indices. 
Latin (a, &,•••) denote the internal Lorentz indices and the indices are raised and lowered by the metric 
??ab=diag(— 1, 1, 1) (see Ref. for more details). I also take the convention e i2 = — e 012 = 1 and 



e % 3 



F 0ij 



wf., and A" due to the same tensor struc- 



2 It seems that there are some dual maps between e", 
ture in three dimensions However, due to the difference in the internal Lorentz transformation 
Se a = e abc ei,8 c , 5ui a — T>9 a for the infinitesimal parameter 8 a , the fields A a and e a would transform dif- 
ferently also in order that the defining action (TT]) be invariant under the transformation. So, the physical 

contents would be completely different under the dual maps 12j. 

3 In the absence of the cosmological constant, there is no a priori reason to fix the sign since there are no 
gravitons which can mediate the interactions between massive particles 18j . The sign is significant only 
when the Chern-Simons interaction of (TT]) is introduced. The positivity of the gravitational energy 18 1 
and the attractiveness of the gravitational interaction 19| depend crucially on the overall sign. 
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III. CONSTRAINT ALGEBRAS AND NUMBER OF DEGREES OF FREEDOM 



The primary constraints of the action ([I]) are given by 

0. 



a 




10, 


o 


#° 

a 




«0, 


a 


a 


= PA 1 r 

a r 


«0, 





n* + ^' f 2e aj - i^-j « o, 



(6) 



from the canonical definition of conjugate momenta, tt£ = 5I/5e a , II£ = SI/Su^, P£ = 
51 /5\ a ^. Here, the weak equality means that the constraint equations are used only after 
working out a Poisson bracket. The conservation of the constraints C° = ($°, i.e., 
C*° = {C°, Hq} ~ 0, which is a consistency condition, with the canonical Hamiltonian 

H c = J d 2 x[e a H a + u a IC a + \ a T a + d a l ] (7) 

produces the secondary constraints, 

H a ^0, /C Q ^0, T a ^0. (8) 

With the primary and secondary constraints (JSD and (jSJ, I consider the extended Hamiltonian 
which can accommodate the arbitrariness in the equations of motions due to the constraints: 

h e = h c + J d 2 x[u a ^ a + + Z ;p^. (9) 

The coefficients U®, v° z't are determined as follows, by considering the consistency condi- 
tions, C i = {C\ H E } « with G { = (¥ a , P a ): 



w ai = ^cjQa - e a fe c Wo^ C _ A^a^KA- + A^e- 



Mai = 9»eoo - ea6 c (e ^j ? + ^o e iv> 

1 



Zai = diX 0a - e afec [Ao(^ c + pe\) + {u b + pe b )\*} + ^t abc e%e). (10) 
The extended Hamiltonian ([9]) reads then as 

H E = J d 2 x[e a H a + u a )C a + \ a T a + u a $° a + v^f° a + z a P° a + dtf\ (11) 
with modified constraints, 

H a = H a - V&\ - pe abc \-V ci + e abc (-pX 1 * + ^ef) P a « 0, 
K a = K a - e abc e^ a - - e abc \\P ci « 0, 

% = T a - pe abc e^ a - ViPl - pe abc e\P a « 0, (12) 

and the covariant derivatives (T>if a = S°di + e c ab uj b . After a tedious but straightforward 
computation I get 

{¥ a (x)M(y)} = 2^ Vab 6 2 (x-y), 
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1 



e abc P cl S 2 (x-y), 



{*i(x), Pi(y)} = -2^ Vab 5 2 (x-y), 
{¥ a (x),H b (y)} 
{¥ a (x),JC b (y)} 

{<{x)Mv)} 
{K(*)M(v)} 



-e abc $ ci 5 2 (x-y), 
-^ abc (^ ci + P ci )5 2 (x 



-y), 



{%(x),H b (y)} 

{K(x),ic b (y)} 

{*•«(*), T 6 (i/)} 
{Pl{x),H b {y)} 

{p* a (x)X b (y)} 

{H a (x),H b (y)} 



{H a (x),ic b (y)} 

{H a (x),f b (y)} 

{IC a (x),ICb(y)} 
{!C a (x),T b (y)} 

{T a ( x ),r b (y)} 



t l3 r] ab 5 (x-y), 

-e abc ^ ci 5 2 (x -y), 

-e abc ^ a 5 2 (x-y), 

-e abc P a 5 2 (x-y), 

-^ abc (^ a + P a )5 2 (x 

-e abc P ci 5 2 (x-y), 

{H a (x),H b (y)} 



-v), 



j2 ^-obc^ 



2/j,e tJ X ai X bj 



5 2 (x-y), 



{H a (x), JC b (y)} = -e abc H c 5 2 (x - y), 
{H a (x),%(y)} 

[-fie abc (IC c + T c ) + 2^X ai e bj ]S 2 (x - y), 
{)C a (x), %(y)} = -e abc JC c 5 2 (x - y), 
{JC a (x),T b (y)} = £a bc T c 5 2 (x-y), 
[-2fxe ij e ai e bj - n{e ai P l b - e bi P l a )}5 2 (x - y). 



(13) 



Using the above constraint algebras, one can easily see that there are thirdary constraints 
from the consistencies of 7i a 0, T a constraints (no additional constraints from lC a m 0) 



H a (x) 

The additional constraints E a 

{E a (x),<t>°(y)} 
{Z a (x),%(y)} 
{Z a (x),P b °(y)} 
{Z a (x),P b \y)} 

{ Xa (x),%(y)} 
{ X a(x),P b °(y)} 
{Xa(x),P b \y)} 



= {H a (x),H E } 

s -2fie ij X ai (e b X bj - X b e bj ) = ^ a ^0, 
= {T a (x),H E } 

a 2iie ij e ai (e b X bj - X b e bj ) = X a-0. 

Xa have the following non-vanishing brackets: 

= -2fie t3 X ai X bj 5 2 (x - y), 
= -2fie ij X aj X b0 5 2 (x -y), 
= 2fie tJ X ai e bj 5 2 (x - y) 
= -2/ie ij [r] ab (e c , 
= 2fie tl e ai e bj 5 2 (x - y) 
= 2/ie ij [r] ab (e c X cj 
= -2fie lJ e ai e bj 5 2 (x - y), 
= -2^ 3 e aj e m 5 2 {x - y). 



(14) 



X aj e w ]5 2 (x - y), 
+ e aj X b0 }5 2 (x -y), 



(15) 



Further investigations of the consistency conditions for the constraints S , X a, i-e., 
{S a ,i7 s } « 0, {xa,H E } ~ with H E = H E + JcP:r(a a £ a + /3 a x a ) do not yield new con- 
straints but determine the coefficients Uq, Zq, a a , and /3 a . This completes Dirac's consistency 



5 



procedure for finding the complete set of constraints. Although the algebras are compli- 
cated nevertheless one can see that the constraints K, a are first class and the constraints 
P£, ty l a , £ a , Xai T^-a, % are second class. Here, one might consider some special config- 
urations of X afl and e afl , i.e., A ab = X ai \ bj m 0, B ab = 2e lJ \ ai e bj « 0, C ab = 2e lJ e ai e bj ps 
(neglecting the trivial configurations of A ai = e ai = 0) such that some of these constraints 
may become first class or dependent (i.e., irregular) l20[| . But, this is not relevant to 
our case (for some related discussions, see also jU, \22\): A ab m or C ab ~ implies 
that A aAt or e OM , respectively, is not invertible from the fact of det(X afJ ) = e abc X a0 A bc « 0, 
det(e afJi ) = e abc e a oC bc ~ 0, but the invertibility has been implicitly assumed from the con- 
struction 4 ; moreover, B ab « would not be generally true since this implies, from (j4J), 
^Raij = 0, ie., pure Einstein gravity solutions, certainly not a restriction I wish to con- 
sider. 

To compute the number of dynamical degrees of freedom I use the standard formula, at 
any point x, 

s = ^(2n-2N x -N 2 ), (16) 

where 2n is the number of canonical variables, N\ is the number of first class constraints, 
and N 2 is the number of second class constraints. Then, according to the above constraint 
algebras, I have n = 9 [e" a;" A"], N\ = 2, and N 2 = 12 for "each internal index a". This 
represents that the system in terms of the metric g^ u = e a e v r] ab 5 has a single dynamical 
degrees of freedom which equals to the number of propagating graviton modes. 

Here, in counting the number of degrees of freedom it would be important to check that 
they possess a well defined spectrum. However, unfortunately the kinematic counting of 
( I16p gives no information as to their (in) stabilities. 

Before finishing this section, several remarks are in order. First, the presence of cos- 
mological constant does not modify second class constraint algebras nor the number of the 
first class constraints. So, I do not see any evidence of the disappearing degrees of freedom 
at the critical value \xl = 1: There are two possible scenarios for this effect, i.e., (a) there 
is an additional "first" class constraint, representing a new symmetry, at the critical value 
of the cosmological constant (24|], (b) there are compensation terms from the cosmological 
constant in second class constraint algebras and the complete compensation is achieved at 



the critical value such that the second class constraint becomes first class [25|; but, neither 
of these "symmetry enhancements" do not occur in the system. This seems to support the 
argument of Ref. [3[]. Second, the action (TjQ) is not equivalent to the Chern-Simons gauge 
gravity 0, 11], generally. They are equivalent only when one identify A^ = e^/fil 2 which 
changes enormously the constraint algebras. Actually, the constraint analysis of this system 
26| leads to n = 6, = 4, N 2 = 4 so that s = 0, i.e., no dynamical degrees of freedom. 
This is consistent with the fact that the Chern-Simons gauge theory does not have the dy- 
namical degrees of freedom 6 . On the other hand, if one does not introduce the last torsion 
term in ([ID such that the torsion does not vanish anymore, one has the same numbers of 
iVi = 4, N 2 = 4 such that s = also. 



4 In quantum theory, the non-invertible e afJl might be permitted. See Ref. [8| for example. 

5 It would be also interesting to consider the constraint algebras in the metric formulation directly 23], 
where the GCS term is a third-derivative order and Ostrogradsky method is needed [13( . 

6 Three-dimensional gravity without cosmological constant and GCS term can be described by ISO(2, 1) 
Chern-Simons gauge theory However, in the presence of the GCS term, a second invariant quadratic 
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IV. DISCUSSION 



I have shown that counting the number of first and second class constraints leads to a 
"single" dynamical degrees of freedom for the metric, regardless of the value of the cosmo- 
logical constant A = — I /I 2 . This seems to support the argument of Ref. 0] (and Ref. 0] 
also), but this is rather surprising from the following reasons. First, in the context of the 
bulk gravity action (TTj), it is known that there are critical values of the cosmological constant 



| = 1 [111. |271|. where the characters of the BTZ black hole solution and matter fields in the 
black hole background are dramatically changed. Second, in the context of boundary CFT 
at the asymptotic infinity also, the structure of the CFT and its Hilbert space changes at the 
critical value. But, at present, there is no clear understanding of why the fully non-linear 
constraints do not show up the above critical features [ill ]. 
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